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We propose a scheme to realize the phase-preserving amplification without the restriction of 
resolved sideband condition. As a result, our gain-bandwidth product is about one magnitude 
larger than the existing proposals. In our model, an additional cavity is coupled to the cavity- 
optomechanical system. Therefore our operating frequency is continuously tunable via adjusting 
the coupling coefficient of the two cavities. 


I. INTRODUCTION 

In the past few years, significant progress has been 
achieved in the cavity optomechanics |l|-|4| . Exam¬ 
ples include ground state cooling of a mechanical os¬ 
cillator which is a prerequisite for its applications 
in quantum information processing [Bl-fioj and sensitive 
measurement (TT1 IT~il | . and its serving as intermediate 
transducer of hybrid svstems p^4l7j . 

To reduce noise in sensitive measurement, there 
have been great efforts to reach the quantum limit of 
phase-preserving amplifier, which arise from the zero- 
point fluctuation (l8l. fl9j] . Substantial progress has been 
achieved in superconducting systems with Josephson 
rhig[2(J Hl|. In cavity optomechanical systems, there 
are also schemes discussing phase-preserving amplifier, 
all of which however, work in the resolved sideband 
regime [H, 0- I n practice, it is difficult to reach the 
resolved sideband regime, say k -C Lo m where k is the 
dissipation rate of the cavity and ui m is the frequency 
of the mechanical oscillator [23, 0 • Here we propose to 
realize the phase-preserving amplification beyond the re¬ 
solved sideband condition. In our model, an auxiliary 
cavity is coupled to the cavity-optomechanical system. 
Since we work in a much larger parameter regime, the 
optimal gain-bandwidth product is enhanced by one mag¬ 
nitude. By means of adjusting the two-cavity coupling 
coefficient I20l Ivil . the operating frequency in our scheme 
is tunable. This is an important advantage over previ¬ 
ous proposals where the operating frequency is not ad¬ 
justable. 

The paper is organized as follows. Section II presents 
the model, its Hamiltonian, and the analytical formulas 
of the amplification process. In Section III we optimize 
the parameters within and beyond the resolved-sideband 
regime numerically. Then we discuss the adjustability of 
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the amplifier’s center frequency. We give the conclusion 
in Sec. IV. 


II. MODEL AND FORMULAS 


A schematic of our model is shown in Fig. [T] An auxil¬ 
iary cavity is coupled to a cavity-optomechanical system. 
The Hamiltonian of the compound cavity system is 



FIG. 1. The schematic of the cavity optomechanical system 
coupled with an auxiliary cavity. 


H = wiajai + 0J2<i\cL2 + J{a\a ,2 + a^ai) + u> m h^h 
-g 0 {tf + b) aloi + n(a\e~ iULt + a ie iULt ), (1) 

where a\ and a 2 are the annihilation operators of the two 
cavity modes with uj 1 and 0 J 2 being their frequencies, J is 
the coupling coefficient of the two cavity modes, b is the 
annihilation operator of the mechanical oscillator with 
frequency ui m , go is the parametric coupling strength be¬ 
tween the first cavity and the mechanical oscillator, Q 
is the strength of the external driving field for the first 
cavity, and ujl is the frequency of the driving field. 

Moving into the frame of the drive, the Hamiltonian 
reads 

H = —Aioajai — A2aja,2 + J(a\a,2 + a\a\) 

+u imV'b - g 0 (b ] + b)a\ai + + ai), (2) 

where A 10 = u>l ~uq and A 2 = wl—W 2 are the detunings 
between the two cavity modes and the driving field. 
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We can linearize the dynamical equations of the driven 
compound cavity system by assuming di = di + <5di, 
a ,2 = Ci 2 + 8 a 2 and b = b + 6 b where di, d 2 and b are the 
respective mean values. Neglecting nonlinear terms we 
get 


where Ai = Ai 0 +g 0 (b+b*) denotes the effective detuning 
of the first cavity, G = c/odi is the enhanced optomechan¬ 
ical coupling, «i, k ,2 and T are the decay rates of cavity 
1 , 2 and the mechanical oscillator. 

We write Eqs. m, 0 and © in the matrix form 


6ai = iAi6a± — -^-8ai — iJ6a,2 + iG( 5 b + 6b 1 ) 

+\/ 7 qdi ,in i ( 3 ) 

6 a ,2 = iA 2 6 cl 2 - -y 6 a 2 - iJ5a\ + yfk 262 ,in, (4) 

6b = —ico m 6b — —6b + iG{ 5 a\ + dd|) + vTSm, ( 5 ) 


U = M U + L Uj n , 


where 



(ddi, Sa\, 80,2, 5 a\, 5 b 1 btf) T , 

. a ^"1" a >s "|* A T* 

(dl,inj d 1>irl , Cl2,im 0*2,in’ bin, b in ) , 
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and L = DiagtyitT, y/Kl, y/i^, y/i^ 7 \/r, y/T]. 

We work in frequency space and use the input-output 
relations u ou t = u; n L u. Then we get 

Uout M = U(w) u in [w] ( 8 ) 

with 

U = l + L[iw + M] _ 1 L. (9) 


The amplification can be expressed as 

di : out = ^4(w)di i j T1 + B(u>)a\ in + C(uj)a 2 ,in 

+D(uj)al in + E(u)b in + F{yj)b\ n . (10) 

In the case of unresolved sideband for the first cavity 
where k\ > w m , we cannot make the resolved sideband 
approximation. To simplify, we first consider the case 
where K 2 = 0. The power gain Q[uj] = \A(u )\ 2 can be 
expressed as 


J 


= 


1 + 


2i«i(—A 2 — w){[—2 J 2 + (—A 2 + w)(—2Ai + in\ + 2w)]cr(w) — 16 G 2 w m (—A 2 + w)} 


a(w){4J 4 + (A| — w 2 )[(k 1 — 2 iu >) 2 + 4A 2 ] — AiJ 2 ui(ni — 2 iui) — 8 A 1 A 2 J 2 } + 64 G 2 w m /3(w) 


, ( 11 ) 


where a(w) = 4w^+(T—2*w ) 2 and /3(w) = Ai(A^—w 2 ) — 
A 2 J 2 . We discuss on the blue sideband where Ai = w m . 
To suppress the amplification in the vicinity of uj m , we 
simply choose A 2 = —oj m . Denote the denominator of 
the second term in the right hand side of Eq. CD as p[u>). 
The critical points of instability appear at p(uj) = 0. 
According to this, we get two groups of boundary con¬ 


ditions: 

G (1) = VT^V (4 J 2 + T 2 + Tftq) 2 + 16<(T + Kl ) 2 

8(r + Ki)w m 

= ± x /J 2 r/(r + Kl ) + u& ; ( 12 ) 

g ( 2) = J 2 + r 2 + r^) 2 +16 r 2 < 

8VTuj m 

w (2) =±\/^ 2 + r K i/4 + <. (13) 

We plot the stable and unstable boundary G^(T) in 
Fig. [2] The gray area is the unstable regime. Applying 
the Routh-Hurwitz criterion [24j. G^ 2 ^(T) is the separa¬ 
tion of two-negative roots and four negative roots. In 
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both regimes the system is unstable. So we do not draw 
it here. 

Consider a set of parameters in the stable regime where 
G deviates by a small quantity —6(6 > 0) from GW, 
which is calculated from other parameters. We can al¬ 
ways write G[u)\ in the vicinity of — |a/R| as 


G[uj] 


x + a 


(14) 


where x is the deviation of u> from — |u/R|. We can easily 
get that 


i«i J 2 I\£ - 4iw m )(r£ + + 8uj m a) 

K — -f -:-=r,(J.0J 


4wm£er 


(r + Kl ) 2 (4 ia + r) - 4 j 2 (r - «i) 


a = 


-8 J 2 UmVr^y/e + 16U>16 


t;a (r + ki) 2 (4icr + r) — 4J 2 (r — ki) 


(16) 


where £ = T + 4J 2 /(r + ki), a = \J+ J 2 T/(T + ki). 
Here -Re[a] is the deviation of the peak from — |u/R|. 
The bandwidth of the amplifier is given by 2Im[a] and 
the gain-bandwidth product is |k|. 


III. DISCUSSION 


A. resolved sideband regime 

In Fig. [3] we plot the gain bandwidth product k| / 
in the J — ki plane where T = 0.1w m (colored image). 
The optimal |k| is found at Ki = T. |13|/|A| = 0.1(yellow 
line) and 0.2(red line) are shown in this figure. We 
choose J = 1.0u; m , Ki = 0.1w m , T = 0.1 uj m and 
G = G ^ — 0.0001w m = 0.2561w m . In this case the 
maximum power gain appears at lo p = — 1.2247w m , the 
bandwidth is 5.2 x 10 -4 o; m and the gain-bandwidth prod¬ 
uct is |k| = 0.21w m . We plot the power gain Q[w] as 
a function of the frequency u> in Fig. [4j In Fig. [5] 
we plot \B(w)\/\A(u)\,\C(w)\/\A(u)\,\D(w)\/\A(u)\ and 
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FIG. 2. The gray area is the unstable regime. Here J = 3 Um 
and K, 1 = 0.1 LOm- 





FIG. 3. Gain-bandwidth product in the J — k i plane. 

The yellow line and red line are |H|/|x4| = 0.1 and 0.2 respec¬ 
tively. Here T = 0.1 a; m . 
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FIG. 4. Power gain G[u>] as a function of the frequency oj 
for J = 1.0 Lo-m, ki = 0.1 0Jm, K 2 = 0, G — 0.2561cam and 

r m = 0.1 LOm. • 


\E(u)\/\A(uj)\ as functions of the frequency ui in the vicin¬ 
ity of the peak, where we can make an approximation 
that \B(ui)\, |C(w)|, |.D(w)|, |.E(a;)| <C |A(u;)|. As a conse¬ 
quence, the amplifier is phase insensitive jl8l I25| . We plot 
|-F(w)|/|A(u;)| as a function of the frequency w in Fig. [6] 
It can be proved that at the peak of amplification, we 
have |.F| = \A\. According to this, the number of added 
noise photons 

N(tx p ) = 2 (n e ff + —) ~ n e ff + —, (17) 

where n e ff is the effective phonon number of the reser¬ 
voir of the oscillator. We can use the method guided by 
Ref- 0 to cool the mechanical resonator to the quan¬ 
tum ground state. As |.F| 2 /|A| 2 « 1 and n e // —> 0, the 
amplifier is quantum limited. 

Now we take the non-zero dissipation of cavity 2 (k2 ^ 
0) into consideration where K 2 = 0.01w m , J = 1.0w m , 
ki = 0.1w m , T = 0.1 ujm and G = 0.2561w m . We can also 
get a quantum-limited and phase-preserving amplifier, 
the maximum gain power appears at uj p = —1.22 oj m , the 
bandwidth is 2.1 x 10~ 3 w m and the gain-bandwidth prod- 
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FIG. 5. |.B(tj|/|A(u;)|(blue solid line), |C(u;)|/|A(c<j)|(red 

dashed line), |Z)(u>)|/|A(u;)|(green dotted line) and 
|.E(tj)|/|A(a;)|(black dash dot line) as functions of the 
frequency co. The parameters are the same as in Fig. [I] 



FIG. 6. |F(u;)|/|A(u<)| as a function of the frequency w. The 
parameters are the same as in Fig. [4] 


uct |k| = 0.21w m . The optimal gain-bandwidth product 
is |k| = 0.43cu m if we choose |.B|/|A| = 0.2. In previous 
work Ref. [13], the gain-bandwidth product is given by 
the cavity linwidth k and is restricted by the resolved 
sideband condition n -C w m . Therefore our result is at 
least one magnitude better. 



FIG. 7. Contours of |J5|/|j4| = 0.2(blue solid line) and |k| = 
0.5u; m (red dashed line). Here ki = 2 ui m , «2 = 0 and G = 
G 1 — O.OOOlWm. 


the bandwidth is 1.0 x 10 _4 u; m and the gain-bandwidth 
product is |k| = 0.51w m . 

The power gain G[uj\ as a function of the fre¬ 
quency ui is shown in Fig. [8] In Fig. [9] 
we plot \B(w)\/\A{u)\,\C(w)\/\A{u)\,\D{w)\/\A{u)\ and 
\E{w)\/\A(w)\ as functions of the frequency w. An ap¬ 
proximation |R(w)|, |C(w)|, \D(lu)\, |JT(cu)| -C |A(w)| is 
appropriate. In Fig. [TO] we plot |F(w)|/|A(o;)| as a 
function of to. The number of added noise photons 
N = freff + \){\F \ 2 /\ A \ 2 ) ~ n e ff + Since plenty of 
schemes have been proposed to cool the mechanical res¬ 
onator to ground state in the unresolved sideband regime 
recently [22i. l23| . our amplifier can reach the quantum 
limit and is phase insensitive. 

Now we discuss the influence of non-zero /t 2 - First we 
consider K 2 = 0.01w m and other parameters the same as 
those in Fig. [S] A quantum limited and phase-preserving 
amplifier can be obtained. The maximum gain power 
appears at uj p = —1.39o; m , the bandwidth is 2.6 x 10~ 3 w m 
and the gain-bandwidth product is |k| = 0.51u; m . 

In the situation where K 2 < but not K 2 "C ui m , we 
give a set of parameters where K 2 = 0.5w m , K\ = 3.0w m , 
J = 1.49w m , r = 0.2w m and G = 0.5568o; m . In this 
case the maximum gain power appears at uj p = —1.08w m , 
the bandwidth is 6.0 x 10 -5 u; m and the gain-bandwidth 
product is |k| = 0.21w m . 


B. beyond resolved sideband condition 

In this subsection we discard the resolved sideband C. tunable frequency window 

condition and further optimize the parameters. For dis¬ 
cussion simplicity, here we fix k,\ = 2.0w m . In Fig. [T] The coupling coefficient J of the compound cavity is 
we plot the contours of |I?|/|A| = 0.2(blue solid line) tunable [26l-f33| . The device features an amplifier with 

and |k| = 0.5w m (red dashed line) in the J — T plane. continuously tunable operating frequency. According to 

We roughly choose K\ = 2.0w m , = 0, J = 2.0w m , Eq. (fl2l) the center frequency appears at uj = — In 

T = 0.6 u> m and G = G^> — 0.0001w m = 1.0747w m . Fig. [Til we plot the center frequency as a function of the 

The maximum gain power appears at co p = two cavity coupling coefficient J. 
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FIG. 8. Power gain Q[u ;] — |A(w)| as a function of the FIG. 11. The center frequency as a function of J. Here Ki = 

frequency oj where ki = 2.0o; m , K 2 = 0, J = 2.0o; m , p = o.lw m . 

G = 1.0747a; m and T m = 0.6w m . In the inset we plot the 
power gain G as a function of u around peak value. 



FIG. 9. |-B(a>|/|A(a;)|(bhie solid line), |C(a;)|/|A(aj)|(red 

dashed line), |Z)(a>)|/|A(a;)|(green dotted line) and 
|.E(a;)|/|A(a;)|(black dash dot line) as functions of u. 
The parameters are the same as in Fig. [8j 



FIG. 10. |F’(o;)|/|^4(a;)| as a function of uj. The parameters 
are the same as in Fig. [8] 


IV. CONCLUSION 

We propose a scheme to realize the phase-preserving 
amplification beyond the resolved sideband regime. 
Hence we can optimize the amplification in a large pa¬ 
rameter range and achieve an enhancement of one mag¬ 
nitude in gain-bandwidth product. Also the frequency 
window of our proposed amplifier can be tuned continu¬ 
ously by the adjustment of the cavity coupling. 
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